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Abstract 
It is well known that mathematics students have to be able to understand and prove 
theorems. From our experience we know that engineering students should also be able to 
do the same, since a good theoretical knowledge of mathematics is essential for solving 
practical problems and constructing models. 
Proving theorems gives students a much better understanding of the subject, and helps 
them to develop mathematical thinking. The proof of a theorem consists of a logical 
chain of steps. Students should understand the need and the legitimacy of every step. 
Moreover, they have to comprehend the reasoning behind the order of the chain’s steps. 
For our research students were provided with proofs whose steps were either written in a 
random order or had missing parts. Students were asked to solve the "puzzle" – find the 
correct logical chain or complete the proof. 
These "puzzles" were meant to discourage students from simply memorizing the proof of 
a theorem. By using our examples students were encouraged to think independently and 
came to improve their understanding of the subject.  
 
Introduction 
It is well known that in mathematics one has to understand and learn the theory to be able 
to solve problems. Our experience of teaching mathematics to engineering students has 
taught us the importance of providing students with a good theoretical basis. It is not an 
easy task for a lecturer when some students come from schools where they were taught 
mathematics as a set of algorithms needed to solve problems. 
An important part of Calculus is learning theorems, and it is often difficult for students to 
understand the meaning of a theorem. We tried to develop a special approach for 
improving students’ understanding of a theorem (see our papers of 2007 and 2009). . 
However, as we taught students how to understand theorems we came across another 
difficulty: proofs. Many students simply do not grasp the logic behind building a proof. 
Many aspects of this problem were researched in the noteworthy papers of Sowder & 
Harel (2003) and Tall (2005). Often students are not taught proofs at all, so they have to 
believe that a theorem is correct. We think that it is important even for freshmen to study 
at least some proofs. By proving a theorem students learn where in the proof a given 
condition of the theorem is used. The objective, however, is not to have students to 
memorize the proof of a theorem as they would a poem. 
The problem was how to provide students with the means to learn a theorem’s proof. 
Accordingly, we formulated the given proofs as a chain of steps and presented students 
with exercises to solve. For instance, in the "scattered puzzle" the steps are randomly 
ordered and students are required to "puzzle out" the correct order. In the "fill in puzzle" 
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students are asked to fill in the missing parts of the proof. Such "puzzles" were given to 
students as homework exercises over the Webassign system (see www.webassign.net). 
In this paper we continue the subject of teaching proofs to engineering students that we 
started in our papers (2004, 2006). There we discussed the problem of checking students’ 
ability to prove theorems using multiple choice exams. During our research we realized 
that the "puzzle" proof, as a kind of theoretical exercise, could be used in teaching 
students to learn and understand proofs.           
 
"Scattered puzzles" 
In the two following examples the steps of the proofs are written in a scattered way. 
 
Example 1
 
Theorem: The function ( ) logaf x x=  is differentiable for 0x > ,  and ( ) 1lnf x x a′ = . 
Proof 
Step 1: ( )
0
1lim log 1a
x
xf x
x x∆ →
 ∆  
′ = +  ∆   
.  
 
Step 2: ( )
1
0
lim log 1
x x
x
a
x
xf x
x
∆
∆ →
 ∆  ′ = +   
 
.  
Step 3: ( ) ( )
0
log log
lim a a
x
x x xf x
x∆ →
+ ∆ −
′ =
∆
. 
Step 4: ( )
1 1 1log log
ln
x
a af x e e
x x a
′ = = = . 
Step 5: ( )
0
log
lim
a
x
x x
xf x
x∆ →
+ ∆
′ =
∆
. 
Step 6: ( )
1
0
lim log 1
x
a
x
xf x
x
∆
∆ →
∆ 
′ = + 
 
. 
The correct order of the steps in the proof is: 3, 5, 1, 6, 2, 4. 
 
Example 2 
Theorem: 
 If ( )f x  is a continuous function on the interval [ ],a b  and  ( )h x  is a 
primitive of  ( )f x  on [ ],a b , then ( ) ( ) ( )
b
a
f x dx h b h a= −∫ . 
Proof 
Step 1: ( ) ( ) ( ) 0
a
a
g a h a C f t dt= + = =∫ . 
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Step 2: Define ( ) ( )
x
a
g x f t dt= ∫ . Then ( )g x  is a primitive of  ( )f x  on [ , ]a b , so  
( ) ( )g x f x′ = . 
Step 3: ( )C h a= − . 
Step 4: ( ) ( ) ( ) ( ) ( )
b
a
g b f t dt h b C h b h a= = + = −∫ . 
Step 5: Let ( )h x  be another primitive of ( )f x  on [ ],a b . Then there exists a constant C  
such that ( ) ( )g x h x C= + . 
The correct order of the steps in the proof is: 2, 5, 1, 3, 4. 
 
In the above two examples the proofs are simple and short. There is only one answer to 
the puzzle. So, it was easy to check students’ homework by using an online checker. In 
the case of a longer and more complicated proof we either did not use the Webassign 
system to check homework or we connected several steps into a block and asked students 
to find the correct order of the blocks.  
 
"Fill in puzzles"  
In our opinion, the "fill in puzzle" is comparatively more advanced and demands a deeper 
understanding of a proof. 
In Examples 3 and 4 some parts of the proofs are missing. Students were provided with a 
list of the missing parts and some additional unnecessary ones.   
 
Example 3 
Theorem: If ( )f x  is a continuous function on [ ],a b , and ( ) ( )
x
a
g x f t dt= ∫ ,  then ( )g x  
is differentiable on [ ],a b  and ( ) ( )g x f x′ =  at every point x  in [ ],a b . 
Proof 
By the definition of the …… (answer 7) ( ) ( ) ( )
0
lim
x
g x x g x
g x
x∆ →
+ ∆ −
′ =
∆
. 
( ) ( ) ( )
( )
( ) ( )
( ).... 4 .... 4answer answerx
a a x
g x x g x f t dt f t dt f t dt+ ∆ − = − =∫ ∫ ∫  using the …(answer 9). 
Suppose 0x∆ >  (in the case of 0x∆ <  the proof is similar). By the … (answer 11) there 
exists a point ( )c x∆  such that ( ) ( )...... 4x c x answer< ∆ <  and  
( ) ( )( )x x
x
f t dt f c x x
+∆
= ∆ ∆∫ .  
Hence, 
( ) ( )
( ) ( )
( )
( )( )
( ) ( )( ).... 3 .... 3 .... 3lim lim limx answer x answer x answer
f c x xg x x g x
g x f c x
x x∆ → ∆ → ∆ →
∆ ∆+ ∆ −
′ = = = ∆
∆ ∆
. 
When x∆  converges to 0, then ( )c x∆  converges to …… (answer 1). 
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( ) ( )( ) ( )
0
lim
x
g x f c x f x
∆ →
′ = ∆ =  by the definition of a …… (answer 8). 
 
The list of the missing parts: 
1) x ;   2) a ;   3) 0 ;   4) x x+ ∆ ;   5) x∆ ;   6) ( )c x∆ ; 7) derivative; 8) continuous 
function;  9) properties of a definite integral;  10) Rolle's Theorem;  11) Mean Value 
Theorem. 
  
Example 4 
Theorem: If ( )f x  is a twice differentiable function on [ ],a b , fulfilling ( ) ( ) 0f a f b= = , 
then  for every [ ],x a b∈ there exists [ ],c a b∈  such that ( ) ( )( ) ( )
2
f cf x x a x b ′′= − − . 
Proof 
Let 0x  be an arbitrary point in the interval [ ],a b . We have to prove that there exists a 
point c  in the same interval, such that ( ) ( ) ( ) ( )0 0 0 2
f cf x x a x b ′′= − − . 
If 0x a=  or 0 ....x =  (answer 2) the statement is trivial. 
Let 0x  be an arbitrary point in the interval ( ),a b  and let define the function 
( ) ( ) ( ) ( )x f x k x a x bϕ = − − − . By computation we obtain that 
( )( ) ( ).... 1 0answer bϕ ϕ= = . 
In order to obtain ( )0 0xϕ = , k  may be chosen ( ).... 13k answer= . 
Since ( )xϕ  is …… (answer 9) on [ ],a b , ( )xϕ  is continuous on [ ],a b . 
On the interval [ ]0,a x , ( )xϕ  is differentiable and ( )( ) ( )0.... 1 0answer xϕ ϕ= =  , so the 
conditions of …… (answer 11)  are fulfilled, and there exists a point 1d  in the interval 
( )0,a x  such that ( ) ( )1 .... 14d answerϕ′ = . 
For the same reason on the interval [ ]0 ,x b , there exists a point 2d  in the interval ( )0 ,x b  
such that ( ) ( )2 .... 14d answerϕ ′ = . 
( )xϕ′  is differentiable on [ ]1 2,d d  and ( ) ( )1 2 0d dϕ ϕ′ ′= = . The conditions of Rolle's 
Theorem are fulfilled for the function ……(answer 17) , so there exists a point c  in the 
interval ( )1 2,d d  such that ( ) ( ).... 14c answerϕ′′ = . 
By computation we obtain that ( ) ( ).... 15x answerϕ ′ =  and ( ) ( ).... 16x answerϕ′′ = . 
Now, ( ) ( ) 2 0c f c kϕ ′′ ′′= − = , such that ( )( ).... 3
2
f answer
k
′′
= . 
On the other hand, ( )( )( )
( )( )0
0 0
.... 3
2
f answerf x
k
x a x b
′′
= =
− −
 and we obtain 
( ) ( ) ( ) ( )0 0 0 2
f cf x x a x b ′′= − − . 
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The list of the missing parts: 
1) a; 2) b; 3) c; 4) 1d ; 5) 2d ; 6) 0x ; 7) k;  8) 1; 9) differentiable; 10) continuous; 
11) Rolle's Theorem;  12) Lagrange's Theorem;  
13) ( )( )( )
0
0 0
f x
k
x a x b
=
− −
; 14) 0; 15) ( ) ( )2f x k x a b′ − − − ; 16) ( ) 2f x k′′ − ;  
17) ( )xϕ′ . 
 
The "fill in puzzle" can also be presented without the list of missing parts; then students 
can complete the proof without this aid. 
 
Conclusions 
"Puzzle" proofs can be used at different students’ levels of mathematical knowledge.  
Usually we constructed "puzzle" proofs for theorems proved in the classroom, but the 
method is also suitable for theorems that are part of homework assignments (see Example 
4).  
In our opinion, "puzzle" proofs are appropriate not only for Calculus theorems, but also 
for theorems from other mathematical subjects, as well as for high school mathematics. 
Based on our teaching experience we realized that students need theoretical exercises, 
which provide them with an opportunity to practice the theoretical part of Calculus. Many 
problems available to students allow them to practice their computing skills but few 
problems help them improve their ability to prove theorems. 
By using "puzzle" proofs students take the first step in the right direction of proving and 
better understanding theorems. Our hope is that, with practice, they will be able to prove 
simple statements independently.  
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